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Summary. An equivalence between a model of restrict- 
ed selection and a model of genetic groups is presented. 
This correspondence leads to a realization of how 
genetic groups account for selection. Specifically, ge- 
netic groups act to remove the covariance between pre- 
dictions of sire merit and functions of the true selection 
differentials. Further  results illustrate a correspondence 
between models of selection on random effects and 
models of selection on residuals. Application of the 
results is useful, not in establishing concrete definitions 
for the structure of genetic groups, but in the analysis 
of how groups account for selection. 
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Introduct ion  

In the genetic evaluation of dairy sires, the concept of 
genetic groups is recognized as the "weak link" in the 
sire evaluation process. 

Genetic groups have been the focus of several recent 
research reports (Jensen 1980; Kennedy 1981; Pollak and Quaas 
1983; Quaas and Pollak 1981). Genetic groups were intro- 
duced by Henderson (1949) in a linear model for predicting 
the real producing ability of cows from repeated milk records. 
Later, they were incorporated into sire evaluation models with 
the idea of accounting for an assumed genetic trend in sire 
breeding values (Henderson 1973). In general, groups are 
intended to represent populations of sires for which the mean 
breeding value may differ from population to population 
(Famula et al. 1983). Moreover, the results of Quaas and 
Pollak (1981) and Famula et al. (1983) indicate that the role 
of genetic groups is intimately linked with artificial selection. 
Pollak and Quaas (1983) further establish this connection in 
finding definitions of genetic group effects based on selection 

differentials. The conclusion to be drawn from these papers is 
that genetic groups are a necessary, albeit arbitrarily defined, 
component of linear models for sire evaluation when the data 
available are incomplete or have has been subject to non- 
random sampling (selection). 

Questions remain as to how genetic groups account for 
selection. Famula et al. (1983) have shown that if genetic 
groups are structured analogous to the selection practiced the 
predictors are best linear unbiased predictors under Hender- 
son's (1975) selection model. Pollak and Quaas (1983) have 
shown genetic groups to be accumulations of selection dif- 
ferentials which was developed from an extension of Thomp- 
son's (1979) accumulated groups model. These point explain 
what genetic groups do without really explaining how groups 
accomplish this task. Consequently, we may still ask how 
genetic groups account for this selection. Related to this is the 
concern that predictions of genetic merit computed with and 
comprised of genetic groups may not be independent of the 
selection practiced. It may be possible that our current selec- 
tion decisions are affected by the prior selection practiced 
within the population. Simply put, we must ask if the true 
selection differentials, estimated by the genetic groups, are 
correlated with our estimates of sire breeding value. The 
potential problem is, even if genetic groups are part of the 
model and correctly defined, if the true selection differentials 
(or selection criterion under a selection model) are correlated 
with our estimates of sire breeding value or deviations of sires 
within groups, we may be incorrectly ranking sires across or 
within groups. For example, if the covariance between true 
selection differentials and estimates of genetic merit were 
negative, sires from inferior genetic groups may be chosen at 
the expense of sires with a superior true genetic value. The 
purpose of this note is to clarify the question as to how genetic 
groups account for selection. In addition, we can examine 
whether estimates of breeding value are independent of the 
group effect or selection differential. 

To answer these questions a correspondence be- 
tween a sire model with genetic groups and a model of 
restricted best linear unbiased prediction (RBLUP) 
will be established. Restricted selection, when first and 
second moments of all distributions are known, was 
first presented by Kempthorne and Nordskog (1959). 
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Henderson (1972) appears to be the first to have 
extended restricted selection to the case of  unknown 
first moments. The results of  this work were later 
presented by Quaas and Henderson (1976) as ao 
abstract. Recall that the g0al of  restricted selection is to 
maximize response to selection in traits of  interest 
while "restricting" response in other correlated traits to 
zero. Accordingly, the objective of  this note is first, to 
establish a correspondence between the genetic groups 
model and the model of  restricted best linear unbiased 
prediction. This result then can be used to explain how 
selection on sire proofs (using best linear unbiased 
prediction) is independent of  the selection differentials. 
This explanation will serve to illustrate how genetic 
groups account for selection and can allay concerns of  
incorrect ranking if genetic groups are used. 

Statistical preliminaries 

The objective of  this note is to compare similarities in 
two linear models used in the genetic evaluation of  
candidates for selection. Each was developed for a dif- 
ferent purpose and, until now, each was thought to be 
independent of  the other. One model is based on the 
restricted selection index, first introduced by Kemp- 
thorne and Nordskog (1959). Whereas this initial work 
assumed that the first moments of  the distribution of  
observations were known, we shall examine a more 
general situation, first introduced by Henderson (1972), 
without this assumption. This is the model of  restricted 
best linear unbiased prediction (RBLUP). The other 
model is now routinely used, in various forms, for the 
genetic evaluation of  dairy sires. This model includes 
genetic groups with the original intent to correct for 
the genetic trend usually found in field collected data. 

Let us assume that a vector of  observations is avail- 
able which conforms to the following general mixed 
linear model: 

y =  X b +  Zu + e (1) 

where 

y is a vector of  observations 
X (Z) i s  an incidence matrix relating fixed (random) 

effects to observations 
b (u) is a vector of  unknown fixed (random) effects and 
e is a random vector of  residuals. 

Moreover, we assume in the usual model (i.e., no selec- 
tion, no restrictions) that 

E[y] = Xb 

:[00] 

and 

V[y] = Z G Z ' + R .  

Our objective is to predict k 'b  + m'u (for some estima- 
ble function k' and any m') with a linear function of  the 
observations say c' y so as to minimize the variance of  
prediction errors. Henderson (1973) presented a solu- 
tion to this problem by computing k'[~ + m'fi where [J 
and fi are solutions to the following simultaneous equa- 
tions 

[X.lXX. Z ]1 1 'x":l (2) 
Z ' R - I X  Z 'R-J  Z + G - t  = [ Z ' R - I  

D 

To develop predictors under a model of  restricted 
selection requires some modification of  (2), as was 
presented by Henderson (1972). In keeping with Kemp- 
thorne and Nordskog's (1959) original derivation, the 
phrase "restricted selection" implies that we still wish 
to rank candidates for selection on the basis of  k 'b  + 
m'u but with the additional proviso that some other 
linear function of  the random effects, say T 'u ,  is un- 
correlated with our linear predictor c 'y.  Algebraically, 
this constraint is equivalent to setting Coy (c' y, T '  u) = 0 
so that selection on our predictor permits no correlated 
response in T'  u. Accordingly we now wish to minimize 
the variance of  prediction errors subject to the addi- 
tional constraint that c ' Z G T  = 0. To do so we arrive at 
an extension of  (2) which can be written as: 

lX lX x,l  lIi] 
Z,R- I  X Z , R - I  Z +  G-1 Z,R-t  Z G T  
T, GZ,  R-I  X T, GZ,  R-1Z T, GZ,  R-~ Z G T  

[x,R ,y ] 
= | Z ' R - '  y (3) 

[ T ' G Z ' R - I y  

where q is analogous to a vector of  LaGrange multi- 
pliers. Before examining equations (3) in depth, at this 
time we will note only that they correspond to the 
equations that would be set up under an expansion of  
model (1) of  the form 

y =  X b +  Z n +  Z G T q +  e (4) 

(as was also mentioned by Henderson 1972), and that 
Coy (ii, T '  u) = 0. 

The model of  genetic groups is a simple extension 
of  model (1) wherein the assumption that E (u) = 0 is 
dropped and some mean structure is imposed. Specifical- 
ly, we assume that u = Q g + s for Q a known incidence 
matrix relating individuals to groups, g an unknown 
vector of  fixed group effects and s an unobservable 
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random vector of individual's deviations from their 
group mean, s has null mean and covai'iance matrix G 
as defined above. Substituting this structure for u into 
model (1) we obtain the genetic groups model 

y =  X b +  Z Q g +  Z s +  e (5) 

which we notice has some specific similarities to model 
(4). When model (5) is used for dairy sire evaluation, 
predictions of transmitting ability are taken as 
fi = Q ~ + g where ~ and g are computed from 

i x,._lX x,R-lzo ][i] 
Q ' Z ' R - I X  Q ' Z ' R - 1 Z Q  Q ' Z , R - 1 Z  

Z'R-IX Z,R-IZQ Z'R-1Z+ G-1 

X'R-lY ] 
=/Q'Z'R-'y/ 

[_ Z ' R - 1 y J  
(6) 

It is this model of genetic groups which Quaas and 
Pollak (1981) found equivalent to Henderson's (1975) 
selection model and for which they developed the 
modified mixed model equations to predict u directly. 
Moreover, this model formed the basis of Pollak and 
Quaas' (1983) definition of group effects, 

g = (Q, G-1Q)- I  Q, G - i s .  (7) 

This definition can then be explained, depending upon 
the form of Q and G, as functions of selection differen- 
tials. 

Relevant to this note, however, is the equivalence 
between equations (3) and (6) and between models (4) 
and (5). What we find is the unexpected correspon- 
dence between the model of  genetic groups and a 
model of restricted selection. That is, for T = G -1Q the 
equations yield identical results, which implies that 
properties derived specific to the restricted selection 
model also are appropriate for the genetic groups 
model. The implications of this correspondence war- 
rant investigation. 

Discussion 

Although discovery of the correspondence between a 
model of restricted selection and a model of genetic 
groups is certainly interesting from a pedagogic per- 
spective, however it is the implications of this result 
that merit discussion. Specifically we must ask what 
this result tells us about both models that has not been 
previously observed or is not implicit in their deriva- 
tion. To do so requires an examination of the princi- 
ples underlying each model and drawing conclusions 
from the areas in which they overlap. 

To begin, consider the results of the previous 
section. Under the correspondence of models (4) and 
(5), the matrix of restrictions (T) in the restricted selec- 
tion model (4) is equivalent to G -1 Q of the genetic 
groups model (5) (i.e. T = G -1Q). Thus, a model with 
genetic groups is also a model of restricted selection 
with the restriction that Cov (~, Q' G -1 s) = 0. Further- 
more, given results derived under the restricted model 
(and applying them to the genetic groups model) 
Cov (k' b, Q' G -1 s) = 0 for estimable k'. The equivalent 
result for the restricted selection model is presented in 
Henderson (1972). The proof relies on the restriction 
that c ' Z  GT = 0 and that k ' b  = e 'y  - m' ~. The proof 
then follows to determine that Cov (m'fi, T ' u ) =  0 (a 
result also indicated in Henderson 1972). The proof is 
lengthy and tedious but the interested reader is wel- 
come to obtain a copy from the author. Without dis- 
covery of this correspondence, the fact that these 
covariance terms vanish in the groups model has not 
been previously documented. Rather the assumption 
was that such covariances were functions of the gener- 
alized inverse of the coefficient matrix. We now see 
that under the correspondence of restricted selection 
and genetic groups models that these covariance terms 
must vanish. Recall for the restricted selection model 
that Henderson (1972) showed that T ' u  of (3) is null. 
Extending this to the genetic groups model we derive 
the familiar result that Q' G-1 s = 0. 

The interpretation of these results and their impact 
on genetic evaluation is straightforward. Given the null 
covariances outlined above, it is apparent that predic- 
tions of sire deviations from their group mean, ~, are 
not correlated with the parameter Q'  G -1 s. Depending 
upon one's perspective Q ' G - 1 s  can take one of two 
forms. According to Pollak and Quaas (1983), Q'  G - i s  
is a function of the true selection differentials and is a 
component of the true genetic group effects. Alternate- 
ly, when considering the equivalence between the 
genetic groups model and a model of Henderson's L' u 
selection, Q ' G - 1 s  is the conditional variable upon 
which selection is assumed to be based. For our 
purposes the former interpretation permits us to exam- 
ine the covariance between predictions of sire merit 
and the true selection differentials. Obviously such a 
covariance does not exit. Thus the ranking of sires 
within genetic groups is entirely unaffected by the 
selection practiced. Thus, considering the genetic 
groups model while applying results derived in the case 
of  restricted selection shows that predicted deviations 
from the group mean are not correlated with the true 
group effects (which are functions of the selection dif- 
ferentials). This independence of predictor and true 
value does not hold for the complete prediction of 
genetic merit. The complete prediction of the genetic 
value of an individual is the group effect plus the 
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individual  deviation, i.e. f i=  Q ~ +  ~ from equations 
(6). Therefore Cov (fi, g) 4= 0 because Cov (Q ~, g) 4= 0. 
We learn from this result that the covariance between 
estimates of group effects and the true value is non-null. 

The interpretations outlined above obviously make 
one critical assumption, that is g is a random variable 
and not a fixed effect. Quaas and Pollak (1981) raised 
this question previously. Though treated in the model 
and equations as a fixed effect, g is a function of selec- 
tion differentials. These, in turn, are functions of 
random variables. In a theoretical sense it is preferable 
to regard g as a random variable, particularly for the 
purpose of examining the effects of selection on models 
of genetic evaluation. This line of thought grows 
directly from the correspondence of the genetic groups 
model with Henderson's (1975) selection model where 
g is a function of the change in mean of the conditional 
variable after selection. Consideration of g as a fixed 
effect obviously leads to null covariances. 

Discovery of this correspondence does not change how we 
define genetic groups. However, the equivalence of models (4) 
and (5) can aid in the interpretation of how genetic groups 
account for selection. For example, Famula etal. (1983) 
suggest that groups be structured analogous to the selection 
practiced. This suggestion was based on the equivalence of the 
genetic groups model to Henderson's (1975) selection model, 
first discovered by Quaas and Pollak (1981). The objective is 
to choose an appropriate form for Q such that groups are 
linearly related to the selection practiced so that best linear 
unbiased predictors of u are obtained. This explained what to 
do to account for selection without describing how the correc- 
tion for the action of selection is accomplished. With the 
results presented here, we see that how groups account for 
selection is through "breaking" the correlation between what 
we select on (l) and the effects of selection - the selection 
differentials generated by Q'G -I s. No longer is the selection 
model necessary to justify the use of genetic groups. Instead 
we can justify the necessity of genetic group as a means to 
correct our predictions of genetic merit so that our selection 
criterion are not correlated with the changes in mean imposed 
by selection. 

The correspondence of models (4) and (5) also sheds light 
on the interrelationships among models of genetic groups, 
restricted selection and Henderson's (1975) selection model. 
Establishing these equivalences began with Quaas and Pollak 
(1981) and their discovery of the similarity between models of 
genetic groups and Henderson's (1975) example of L'u selec- 
tion. Specifically, their development of modified mixed model 
equations showed that the groups model was equivalent to 
Q' G- lu  selection (where prior to selection, E (u)= 0). Next, 
Famula (1984) established a link between restricted best linear 
unbiased prediction (models of restricted selection) and Hen- 
derson's (1975) example of L' e selection. In this case, the form 
of L'e for this correspondence is T 'GZR-Ie .  Thus, in a 
general fashion we conclude that models of genetic groups are 
equivalent to L'u selection whereas models of restricted selec- 
tion are equivalent to L'e selection. In this note we have 
established an equivalence between models of genetic groups 
and models of restricted selection. The conclusion to be drawn 
from this syllogistic argument is that each model (i.e., Hen- 

derson's selection model, genetic groups and restricted selec- 
tion) is closely related to the other. 

Conclusions 

The results presented in this note permit us to draw 
several general conclusions. First we have seen estab- 
lished the rather unexpected correspondence between 
the usual model of genetic groups and a general model 
of restricted selection. This discovery has permitted us 
to determine that genetic groups account for selection 
by removing the covariance between predictors of 
genetic merit and the changes in populat ion mean 
brought about by selection. As a result, selection deci- 
sions made in the present are independent  of selection 
decisions made in the past. We have also found that 
Henderson's (1975) examples of L' u and L' e selections 
are equivalent for particular forms of L'. 

Finally, we address the practical implications of 
these results and note that they offer little to change 
the use of genetic groups. The value of these results is 
not to be found in application. Instead the results offer 
further support for the use of genetic groups which are 
often viewed as the "weak link" of the sire evaluation 
process. 
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